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$\dot{x}=\phi_{p^{*}}(y)$ , $\dot{y}=-\alpha y-\beta\phi_{p}(x)$ (2)
, , $\alpha\in \mathbb{R},$ $\beta(\neq 0)\in \mathbb{R}$
, $\phi_{p}(z)$ $\phi_{p}(z)=|z|^{p-2}z,$ $(p>1)$ , $p^{*}$
$1/p+1/p^{*}=1$ , $\phi_{p^{*}}(y)$ $y=\phi_{p}(\dot{x})$ ,
$p=2$ , (1) (2)
$\ddot{x}+\alpha\dot{x}+\beta x=0$ (3)
$\dot{x}=y$ , $\dot{y}=-\alpha y-\beta x$ (4)
(4) ,
(1) $x_{1}(t),$ $x_{2}(t)$ , $c\in \mathbb{R}$ , $cx_{1}(t)$
(1) , (1)
( , $[1, 2]$
) (2) (4)
(2) 4 (2) saddle point










Theorem A. (4) :
(i) $\beta<0$ , saddle point ;
(ii) $\alpha=0$ $\beta>0$ , center :
(iii) $\alpha\neq 0$ \acute \supset \mbox{\boldmath $\alpha$}2/4 $\geq\beta>0$ , node ;
(iv) $\alpha\neq 0$ $\alpha^{2}/4<\beta$ , focus
Theorem A , (3)
$\lambda^{2}+\alpha\lambda+\beta=0$ (5)
, (5) ,
(4) (5) , (3)
$x(t)=e^{\lambda t}$ , (4) 2
(2) ,
, , ( ) ,






, $p=\cdot 2$ , (6) (5) (6)
Proposffion1.1. (6) :
(i) $\beta<0$ , 2 ;
(ii) $(|\alpha|/p)^{p}>\beta>0$ , $\alpha>0$ , 2 , $\alpha<0$ ,
2 ;
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(iii) $(|\alpha|/p)^{p}=\beta$ , $\alpha>0$ , , $\alpha<0$ ,
;
(iv) $(|\alpha|/p)^{p}<\beta$ , $\mathrm{A}\mathrm{a}$
, (2) ,
Theorem 1.2. (2) :
(i) $\beta<0$ , saddte point ;
(ii) $\alpha=0$ $\beta>0$ , center ;
(iii) $\alpha\neq 0$ $(|\alpha|/p)^{p}\geq\beta>0$ , node ;
(iv) $\alpha\neq 0$ $(|\alpha|/p)^{p}<\beta$ , focus
Theorem 12 Theorem A
, (2) (2) 1
, (2) ,
, (2) xx
, (2) xx ,
(2) 1 , $y=0$ $.\dot{x}=0$ , xx
, (2) xx ,
$(p-1) \frac{d}{dx}\phi_{p}*(y)=-\alpha-\beta\frac{\phi_{p}(x)}{y}$ (7)
$y(x,)$ , (7) $y(x)$
, $\mathrm{i}$ $(\mathrm{i}=1,2,3,4)$ , (2)
(2)
,
(7) $y(x)$ , $x_{1}\in \mathbb{R}$
$y(x)arrow+\infty$ as $xarrow x_{1}$
$(p-1) \frac{d}{dx}\phi_{p^{*}}(y)=-\alpha-\beta\frac{\phi_{p}(x)}{y}arrow-\alpha$ as $xarrow x_{1}$
, (7) $y(x)$
$(p-1) \frac{d}{dx}\phi_{p}*(y)arrow+\infty$ as $xarrow x_{1}$
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, , (2)
, $P\in \mathbb{R}^{2}$ (2)
$\gamma^{+}(P)$ $\gamma^{-}(P)$
(2) (2) propeny $(Z_{i}^{+})$ ,
$i=2,4$ (resp., $(Z_{i}^{-}),$ $\mathrm{i}=1,3$ ) , $Q_{i}$ xx $P_{0}$
$\gamma^{+}(P_{0})$ (resp., $\gamma^{-}(P_{0})$ )
, 2 , $\beta>0$ (2)
3 , (2) property $(Z_{i}^{-}),$ $i=1,3$ (resp., $(Z_{i}^{+}),$ $i=2,4$)
, 4 , 2 3
, Theorem 12
2
, $\beta>0$ , (2) ,
(2)
$\beta>0$ (2)
$V(x, y)= \int_{0}^{y}\phi_{p^{*}}(\eta)d\eta+\beta\int_{0}^{x}\phi_{p}(\xi)d\xi$ (8)
(2)
$\dot{V}_{(2)}(x, y)=\phi_{p^{*}}(y)\dot{y}+\beta\phi_{p}(x)\dot{x}=-\alpha|y|^{p^{*}}$ (9)
$V(x_{7}y)=c\in \mathbb{R}$ , $\alpha>0$
, $\dot{V}_{(2)}(t, x, y)\leq 0$ , (2)
$\alpha<0$ , $\dot{V}_{(2)}(t, x, y)\geq 0$ ,
(2)
, $\alpha=0$ $\dot{V}_{(2)}(t, x(t),$ $y(t))\equiv 0$ , (2)
, (2) center
, $\alpha>0$ $\alpha<0$ (2)
Lemma 2.1. $\alpha>0$ $\beta>0$ , $\mathrm{P}\mathrm{a}\mathrm{e}\text{ }$ (2) $\mathrm{E}_{\backslash J1\mathrm{Y}}^{\not\in}\mathrm{i}$
,
$\frac{doe}{dt}=f(x)$ , $f(0)=0$ (10)
, $x,f\in \mathbb{R}^{n}$ , $f(x)$ $\mathbb{R}^{n}$ , (10)
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Theorem $\mathrm{B}$ ( ). (10) $V(x)$
, $D_{l}$ $V(x)<l$ $x$ , $D_{l}$ ,
$D_{l}$
$V(x)\geq 0$ and $\dot{V}_{(10)}(x)\leq 0$
, $R$ $D_{l}$ $\dot{V}_{(10)}(x)=0$ $x$ , $M$ $R$
, $\xi\in D_{l}$ (10) , $M$
Proof of Lemma 2.1. $\alpha>0$ , (2) (10)
(2) (8) , (9) ,
$\dot{V}_{(2)}(x, y)\leq 0$ , $V(x, y)=c\in \mathbb{R}$ , Theorem $\mathrm{B}$ $D_{l}$
D , Theorem $\mathrm{B}$ $R$ xD ,
$\dot{V}_{(2)}(x, y)=0$ $M$ $(0, 0)$ , Theorem $\mathrm{B}$
, (2) , (8) (9) , (2)
, (2)
$\alpha<0$ ,
Lemma 2.2. $r+_{\backslash }\text{ ^{}\prime}\backslash$ $\alpha<0$ $\beta>0$ , $\text{ }$ (2) $4\mathrm{f}^{\mathrm{B}},\mathrm{B}\backslash$ $\not\in\exists \text{ }$
Proof (2) $(x(t), y(t))$
, $K>0,$ $t_{0}>0\mathrm{s}.\mathrm{t}$ .
$x(t)^{2}+y(t)^{2}\leq K^{2}$ for $t\geq t_{0}$ (11)
(8) , (9)
$\dot{V}_{(2\rangle}(x, y)>0$ if $y\neq 0$
, t $t$
$V(x(t), y(t))>V(x(t_{0}), y(t_{0}))$ for $t>t_{0}$
, $(x(t), y(t))$
$\{(x, y):V(x, y)\leq V(x(t_{0}), y(t_{0}))\}$
for $t>t_{0}$ , $\epsilon_{0}>0$ ( ) $\mathrm{s}.\mathrm{t}$.
$\{(x, y):x^{2}+y^{2}<2\epsilon_{0}^{2}\}\subseteq\{(x, y):V(x, y)\leq V(x(t_{0}), y(t_{0}))\}$
$\in 0$ (11) , $(x(t), y(t))$
$R^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\{(x, y):2\epsilon_{0}^{2}\leq x^{2}+y^{2}\leq K^{2}\}$
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for $t\geq t_{0}$ . (2) ,
$R$ , (2) ,
$(x(t), y(t))$ (2)
(11) , $\{\tau_{n}\},$ $\{\sigma_{n}\}$ wi $s_{0}<\tau_{n}<\sigma_{n}<\tau_{n+1}$ and $\tau_{n}arrow\infty$ as $narrow\infty \mathrm{s}.\mathrm{t}$.
$x(\tau_{n})=0$ , $\sqrt{2}\epsilon_{0}<y(\tau_{n})<K$ ; $\epsilon_{0}<x(\sigma_{n})<K$ , $y(\sigma_{n})=\epsilon_{0}$ ;





$V(x( \sigma_{n}), y(\sigma_{n}))-V(x(t_{0}), y(t_{0}))=-\alpha\oint_{t_{0}}^{\sigma_{n}}|y(t)|^{p^{*}}dt>-\alpha\sum_{k=1}^{n}\int_{\tau_{k}}^{\sigma_{k}}|y(t)|^{p^{*}}dt$
$>- \alpha\epsilon_{0}^{p^{*}}\sum_{k=1}^{n}(\sigma_{k}-\tau_{k})$
$>- \frac{\alpha\epsilon_{0}^{p^{*}+1}}{K^{p^{*}-1}}narrow\infty$ as $narrow\infty$
, $(x(t), y(t))$ $R$ ,
$V(x(t), y(t))$ t\geq t , , (2)
Lemma 2.1 Lemma 22 , (2) $\Psi\not\simeq \mathfrak{W}\mathrm{b}\mathrm{J}\mathrm{i}\mathrm{B}\grave{\grave{>}}\alpha$
, ,
3





(i) $\alpha>0$ , property $(Z_{2}^{+})$ $(Z_{4}^{+})$ ;
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(ii) $\alpha<0$ , property $(Z_{1}^{-})$ $(Z_{3}^{-})$
Proof. (i)
$\alpha>0,$ $\beta>0$ , Lemma 2.1 , xr3i (2) $\Psi\backslash$] $\mathrm{f}\mathrm{f}\mathrm{l}$
, (2) property $(Z_{2}^{+})$
, xx $P=(x_{0},0),$ $x_{0}<0$ (2)
$\gamma^{+}(P)$ $Q_{2}$ yy , $\gamma^{+}(P)$
$y(x_{0})=0$ (7) $y(x)$ , (14) $\alpha>0$
, oposition 1.1 (ii), (iii) , (6)
$\lambda_{0}<0$ , $\gamma^{+}(P)$
$y=\phi_{p}(\lambda_{0}x)$ for $x<0$
$Q_{2}$ xx , $\gamma^{+}(P)$ xx
, yy , $\gamma^{+}(P)$ $y=$
$\phi_{p}(\lambda_{0}x)$ , $\gamma^{+}(P)$ $y=\phi_{p}(\lambda_{0}x)$ $(x_{1}, y(x_{1})),$ $x_{0}<x_{1}<0$
, $x_{1}$
$y(x_{1})=\phi_{p}(\lambda_{0}x_{1})$ and $y(x)>\phi_{p}(\lambda_{0}x)$ for $x_{1}<x<0$ .
, (6)
$-(p-1) \lambda_{0}x_{1}<(p-1)\phi_{p}*(y(\mathrm{O}))-(p-1)\phi_{p^{*}}(y(x_{1}))=-\alpha\int_{x_{1}}^{0}dx-\beta\int_{x_{1}}^{0}\frac{\phi_{p}(x)}{y(x)}dx$
$< \alpha x_{1}-\beta\int_{x_{1}}^{0}\frac{\phi_{p}(x)}{\phi_{p}(\lambda_{0}x)}dx=\alpha x_{1}+\frac{\beta}{\phi_{p}(\lambda_{0})}x_{1}=-(p-1)\lambda_{0}x_{1}$




(i) $\alpha>0$ , property $(Z_{2}^{+})$ $(Z_{4}^{+})$ :
(ii) $\alpha<0$ , property $(Z_{1}^{-})$ $(Z_{3}^{-})$
Proof. (i)
, (2) property $(Z_{2}^{+})$ , xZ
$P_{0}=(x_{0},0),$ $x_{0}<0$ (2) $\gamma^{+}(P_{0})$




$C_{2}(\lambda)=$ { $(x,$ $y)$ : $x<0$ and $y=\phi_{p}(\lambda x)$ }
, 02(0) xx , $C_{2}(-\infty)$ yy
$\lambda=0-\infty\cup^{c_{2}(\lambda)=Q_{2}}$
$W_{2}(x, y)$
$W_{2}(x, y)=\lambda$ if $(x, y)\in C_{2}(\lambda)$
, Proposition 1.1 (iv) (15) , (6)
,
$(p-1)\phi_{p}(\lambda)\lambda+\alpha\phi_{p}(\lambda)+\beta>0$ for $\lambda\in \mathbb{R}$ (16)
, (i) $Q_{2}$ , 02 $(\lambda)$
, $\lambda$ $Q_{2}$ , (7) (16)
$(p-1) \frac{d}{dx}\phi_{p}*(\phi_{p}(\lambda x))=(p-1)\lambda<-\alpha-\beta\frac{\phi_{p}(x)}{\phi_{p}(\lambda x)}=(p-1)\frac{d}{dx}\phi_{p^{*}}(y)|_{y=\phi_{p}(\lambda x)}$
, $C_{2}(\lambda)$ , $C_{2}(\lambda)$ $\gamma^{+}(P_{0})$
$\gamma^{+}(P_{0})$ { $(x, y)$ : $x_{0}\leq x<0$ and $0<y<$
$\phi_{p}(\lambda x)\}$ { $(x,$ $y)$ : $x_{0}\leq x<0$ and $\phi_{p}(\lambda x)<y$ } , $C_{2}(\lambda)$
, $x$ , $W_{2}(x, y(x))$ ,
$\lambda^{*}$
$W_{2}(x_{7}y(x))[searrow]\lambda^{*}$ as $x\nearrow-0$ (17)
, $\lambda^{*}=-\mathrm{m}$ , , $\lambda^{*}>-\infty$
, (16) (17)
$\alpha<-(p-1)(\lambda^{*}+\epsilon)-\frac{\beta}{\phi_{p}(\lambda^{*})}$ (18)
$\epsilon$ , (17) (18)
$W_{2}(x_{1}, y(x_{1}))=\lambda^{*}+\epsilon$ and $\lambda^{*}<W_{2}(x, y(x))<\lambda^{*}+\epsilon$ for $x_{1}<x<0$
$x_{0}<x_{1}<0$





$=- \alpha(x-x_{1})-\frac{\beta}{\phi_{p}(\lambda^{*})}(x-x_{1})$ for $x_{1}<x<0$
, (18) , $|x|$ ,
$W_{2}(x, y(x))[searrow]-\infty$ as $x\nearrow-0$
, $\gamma^{+}(P_{0})$ $Q_{2}$ ,
$\gamma^{+}(P_{0})$ $Q_{2}$ yy , $\gamma^{+}(P_{0})$
\chi
$(p-1) \frac{d}{dx}\phi_{p}*(y(x))[searrow]-\infty$ as $x\nearrow-\mathrm{O}$
, (7)
$(p-1) \frac{d}{dx}\phi_{p^{*}}(y(x))=-\alpha-\beta\frac{\phi_{p}(x)}{y(x)}>-\alpha$ for $x_{0}\leq x<0$
, , $\gamma^{+}(P_{0})$ yy , property $(Z_{2}^{+})$
4
, 2 , 3 , (2) node
, focus ,
Theorem 4.1. (14) , (2) :
(i) $\alpha>0$ , smble node ;
(ii) $\alpha<0$ , unstable node
Proof. (i) (ii)
(14) $\alpha>0$ , Proposition 1.1 (ii), (iii) , (6)
$\lambda_{1}\leq\lambda_{2}<0$ ( ) , $\phi_{p}(\lambda_{i}x),$ $\mathrm{i}=1,2$
(7) 6 .
$D_{1}=\{(x, y):x\leq 0, y>\phi_{p}(\lambda_{1}x)\}$ , $D_{2}=\{(x, y):x\geq 0, \phi_{\mathrm{p}}(\lambda_{2}x)<y<0\}$ ,
\S 7
$D_{3}=\{(x, y):x\geq 0, y<\phi_{p}(\lambda_{1}x)\}$ , $D_{4}=\{(x, y):x\leq 0,0<y<\phi_{p}(\lambda_{2}x)\}$ ,
$D_{5}=\{(x, y):x>0, \phi_{p}(\lambda_{1}x)<y<\phi_{p}(\lambda_{2}x)\}\subseteq Q_{4}$ if $\lambda_{1}<\lambda_{2}$ ,
$D_{6}=\{(x, y):x<0, \phi_{p}(\lambda_{2}x)<y<\phi_{p}(\lambda_{1}x)\}\subseteq Q_{2}$ if $\lambda_{1}<\lambda_{2}$ ,
(14) $\alpha>0\mathrm{B}_{\grave{\grave{1}}}ffi$ , Lemma 2.1 , (2)
, $\lambda_{1}<\lambda_{2}$ , (2)
, $D_{5}(D_{6})$ (2) $D_{5}$
$(D_{6})$
, , $P_{0}\in D_{1}\cup Q_{2}\cup D_{2}$
(2) $\gamma^{+}(P_{0})$
$D_{3}\cup Q_{3}\cup D_{4}$ $P_{0}\in D_{1}\cup Q_{2}$ , $\gamma^{+}(P_{0})$
xx (14) $\alpha>0$ , Lemma 3.1
(i) , (2) property $(Z_{4}^{+})$ , xp
$P_{1}=(x_{1},0),$ $x_{1}>0$ (2) $\gamma^{+}(P_{1})$ $Q_{4}$
, $\gamma^{+}(P_{0})$ $P_{1}$ , (2)
, $Q_{4}$ , ,
$\gamma^{+}(P_{0})$ $P_{1}$ xx , (2)
, $Q_{4}$ ,
, $P_{0}\in D_{2}$ $Q_{4}$
, , (2) $Q_{4}$
, $Q_{2}$ ,
(2) stable node
Theorem 4.2. (15) , (2) :
(i) $\alpha>0$ , stable focus ;
(ii) $\alpha<0$ , unstablefocus
Proof. (i) ,
$P_{0}=(x_{0}, y_{0})\in Q_{1}$ (2)
$\gamma^{+}(P_{0})$
Lemma2.1 $\alpha>0$ , 7F\not\in (2) $\mathrm{f}\mathrm{f}\mathrm{i}\backslash$ ffl
, (2) , $\gamma^{+}(P_{0})$ $Q_{1}$ ,
xx , $\gamma^{+}(P_{0})$ $Q_{1}$ $Q_{4}$
, Lemma 32(i) , $Q_{4}$ \gamma +(P0 fy\gamma
, (2) , $\gamma^{+}(P_{0})$ $Q_{4}$ $Q_{3}$
$\gamma^{+}(P_{0})$ $Q_{3}$ $Q_{2}$ , , $Q_{2}$ $Q_{1}$ , (2)
, $Q_{1}$ $\gamma^{+}(P_{0})$ $P_{0}$
, $\gamma^{+}(P_{0})$
, (2) stable focus
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Proof of Theorem I.2. (i) $\beta<0$ , Proposition 1.1 (i) ,
(6) 2 $\lambda_{1}<0<\lambda_{2}$ , (1) $e^{\lambda_{1}\mathrm{f}}$ $e^{\lambda_{2}t}$
, $(e^{\lambda_{1}}, {}^{t}\lambda_{1}e^{\lambda_{1}t})$ $(e^{\lambda_{2}}, {}^{t}\lambda_{2}e^{\lambda_{1}t})$ (2) $\lambda_{1}<0$
$\lim_{tarrow\infty}e^{\lambda_{1}t}=0$
, ( $e^{\lambda_{1}\mathrm{t}}$ , \lambda le’’l , $P_{1}$ (2)
$\gamma^{+}(P_{1})$ , $\lambda_{2}>0$
$\lim_{tarrow\infty}e^{\lambda_{2}l}=\infty$
, $(e^{\lambda_{2}}, {}^{t}\lambda_{2}\mathrm{e}^{\lambda_{2^{f}}})$ , $P_{2}$ (2)
$\gamma^{+}(P_{2})$ , $\gamma^{+}(P_{2})$
, (2)
, (2) saddle point
(ii) 2 (iii), (iv) Theorem 3.3 Theorem 3.4
,
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